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Abstract

This paper aims to give an in-depth review of the foundations behind the

theorem of Tunnell regarding the congruent number problem. We discuss the

works of Waldspurger, Shimura and Gross-Zagier in the theory of elliptic curves

and modular forms of half-integer weight.
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1 Preliminaries

We introduce some common definitions and notations which will reoccur during

the entirety of the paper.

1.1 Elliptic Curves

Let K denote a field. In the following sections, we will assume charpKq ‰ 2.

Let K 1 be some extension of K, fpxq P Krxs a cubic polynomial with distinct

roots. Then the solutions to y2 “ fpxq where px, yq are in K 1 are called the

K 1 ´ points of the elliptic curve defined by y2 “ fpxq.

Definition 1.1. Formally, we define an elliptic curve to be a smooth, projective,

algebraic plane curve of genus one, which has a specified point O. The exact

meaning of these terms will become clear shortly.

Definition 1.2. Let F px, yq be a polynomial in two variables of degree n,

we define the homogeneous polynomial F̃ px, y, zq corresponding to F to be the

polynomial which results in multiplying each monomial of F by some power of

zi for 0 ď i ă n in order to bring the total degree of latter monomials to n.

Formally,

F̃ px, y, zq “ znF
´x

z
,
y

z

¯

This definition can be generalized to a polynomial in n variables, but we restrict

our attention to simply two. Furthermore, it motivates the following definitions.

Definition 1.3. Let x, y, z P K and consider the equivalence relation px, y, zq –

px1, y1, z1q if and only if Dλ P K : px, y, zq “ λpx1, y1, z1q. We define the projective

plane P2
K to be the set of all such equivalence classes of nontrivial triples. Once

again, we can generalize this definition to higher dimensions, as well as possibly

modifying the equivalence relation.

One can notice that that there is a trivial embedding of Kn Ñ Pn`1
k which

takes px1, x2, ..., xnq ÞÑ px1, x2, ..., xn, 1q. And so for some polynomial F px, yq

with coefficients in K, if we want to study the solution set to F px, yq “ 0, it is

equivalent to looking at F̃ px, y, zq “ 0. The latter is comprised of points of form

px, y, 1q where F̃ px, y, 1q “ F px, yq “ 0, as well as the points which lie on the line

at infinity. The solution set to F̃ px, y, zq “ 0 is called the projective completion

of F px, yq “ 0. This alternate way of approaching things is of interest because

it allows us to define a group structure on elliptic curves when considering them

as objects living in P2
K .
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Definition 1.4. Let L “ tnω1`mω2|n,m P Zu be some lattice of C, we define

the fundamental parallelogram of ω1, ω2 to be

Π “ taω1 ` bω2|0 ď a, b ď 1u

Definition 1.5. For some lattice L, we say that a meromorphic function f is

elliptic relative to L if fpz` lq “ fpzq for l “ ω1, ω2. Any such function is deter-

mined uniquely by the values it takes on inside the fundamental parallelogram.

Moreover, it becomes intuitive to think of elliptic functions as functions on the

torus which results from “gluing” the opposite sides of the fundamental paral-

lelogram together. This construction will be useful when we trying to define the

group operation of an elliptic curve.

1.2 The Weierstrass ℘ function and a certain correspon-

dence

Building from the previous heuristic, we now can see that elliptic functions can

be considered as functions on the torus C{L obtained by modding out by some

lattice L. We will build up to a certain correspondence between C{L and a

certain elliptic curve, which will allow us to define the group operation for all

elliptic curves.

Definition 1.6. Given some lattice L “ tmω1 ` nω2u of C, we define the

“Weierstrass ℘ function” to be

℘pzq “ ℘pz;Lq :“
1

z2

ÿ

lPL
l‰0

ˆ

1

pz ´ lq2
´

1

l2

˙

This function is doubly periodic and it is well defined since the sum converges

on any compact subset of CzL

Proposition 1.7. We let EL denote the field of elliptic functions. We have

that EL “ Cp℘, ℘1q. Moreover, the space of even elliptic functions E `L “ Cp℘q

We now use the two following facts in order to construct our desired corre-

spondence. 1) the function p℘1q2 is an even elliptic function and it is a cubic

polynomial in ℘ since it has a triple pole at 0 and three simple zeros. 2) p℘1q2

has double zeroes at ω1{2, ω2{2 and pω1 ` ω2q{2. 3) for any positive integer N ,

the even elliptic function ℘pNzq is a rational function in ℘.
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Thus, from 1 and 2, we get

p℘1pzqq2 “ Cp℘pzq ´ ℘pω1{2qqp℘pzq ´ ℘pω2{2qqp℘pzq ´ ℘ppω1 ` ω2q{2q

“ Cp℘pzq ´ e1qp℘pzq ´ e2qqp℘pzq ´ e3q

We let ei replace the roots. Comparing coefficients in the Laurent expansion at

the origin, it is readily shown that the constant C “ 4. Thus, ℘ satisfies

℘1pzq2 “ fp℘pzqq where fpxq “ 4px´ e1qpx´ e2qpx´ e3q

This differential equation can be transformed into a slightly nicer form:

℘1pzq2 “ fp℘pzqq where fpxq “ 4x3 ´ g2pLqx´ g3pLq

where g2pLq, g3pLq are constants which depend on our lattice L.

This differential equation leads us to an analytic map from C{LÑ P2
C given

by

z ÞÑ p℘pzq, ℘1pzq, 1q for z ‰ 0

0 ÞÑ p0, 1, 0q

We can see that this map takes any nonzero z P C{L to a point px, yq which

satisfies y2 “ fpxq. Since fpxq is a cubic polynomial with distinct roots, this

maps actually sends z to a point on the elliptic curve defined by y2 “ fpxq.

Proposition 1.8. Every elliptic curve E defined over C can be written in the

form

y2 “ 4x3 ´ g2pLqx´ g3pLq

for some lattice L and constants g2, g3 depending on L.

Now, given this analytic map, we have a natural way of defining “addition”

of two points P1 “ px1, y1q and P2 “ px2, y2q, on an elliptic curve E. We use

the standard notion of addition of points in C{L to define the group law on the

curve. More precisely, we use the inverse map to send points of the curve back

to the z-plane, find z1, z2 such that P1 “ p℘pz1q, ℘
1pz1qq and P2 “ p℘pz2q, ℘

1pz2qq

then set P1`P2 “ p℘pz1`z2q, ℘
1pz1`z2qq. The specified point a curve, denoted

O, is taken to be the point p0, 1, 0q at infinity, and acts as the identity. Moreover,

there is a nice geometric interpretation of addition on an elliptic curve. To add

two points P and Q we draw the line joining them, find the third point of

intersection of that line with the curve, and then take the symmetric point on

the other side of the x-axis.
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Addition of two points on an elliptic curve.

1.3 Modular forms

Let R be a commutative ring.

Definition 1.9. Let MnpRq denote the set of matrices with entries in R. The

general linear group GLnpRq :“ tM PMnpRq : detpMq P R˚u

Definition 1.10. The special linear group SLnpRq ď GLnpRq such that SLnpRq :“

tg P GLnpRq : detpgq “ 1u

In this paper we will often refer to C̃ “ CYt8u also known as the Reimann

Sphere or complex projective line P1
C. We will work with SL2pZq and its sub-

groups for reasons which will become apparent soon.

Definition 1.11. For some g “

˜

a b

c d

¸

P SL2pRq, some z P C we define the

’fractional linear transformation’

gz ÞÑ
az ` b

cz ` d

and moreover g send the point at infinity to limzÑ8 gz “
a
c . This type of

transformation defines a group action on C̃.

It is readily shown that the two only matrices in SL2pRq which act trivially

on C̃ are ˘I. Thus, by quotient out by t˘Iu we obtain a group which acts

faithfully on C. This group acts by transformations on the upper half plane H.
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To see this, take g P SLpRq, z P H. Then, Im(z) ą0 ùñ Im(gz) ą 0 since

Impgzq “ Im
az ` b

cz ` d
“ Im

paz ` bqpcz̄ ` dq

|cz ` d|2
“
Impadz ` bcz̄q

|cz ` d|2

“
detpgqImpzq

|cz ` d|2
“

Impzq

|cz ` d|2
ą 0

Definition 1.12. This construction leads us to define to be the “Modular

Group”, a group of central importance in number theory. The full modular

group is defined as Γ “ SL2pZq, and is the group of all rational fractional linear

transformations. Moreover we denote Γ̄ “ Γ{t˘Iu, which acts faithfully on H.

We now introduce a few important subgroups of the modular group which

will be useful for the coming sections

Definition 1.13. Let N P N. We introduce a normal subgroup of SL2pZq
called the “principal congruence subgroup of level N” to be

ΓpNq :“

#˜

a b

c d

¸

P SL2pZq
ˇ

ˇ

ˇ

ˇ

˜

a b

c d

¸

”

˜

1 0

0 1

¸

mod N

+

We can see this subgroup to be normal as it is the kernel of the map φ : Γ Ñ

SL2pZq sending g ÞÑ g mod N . We call a subgroup of Γ a congruence subgroup

of level N if it contains ΓpNq. Remark that any congruence subgroup of level N

will also contain level M when M is a multiple of N.

In the context of this paper, we will often work with the following two

congruence subgroups of Γ:

Γ0pNq :“

#˜

a b

c d

¸

P Γ

ˇ

ˇ

ˇ

ˇ

c ” 0 mod N

+

Γ1pNq :“

#˜

a b

c d

¸

P Γ0pNq

ˇ

ˇ

ˇ

ˇ

a ” 0 mod N

+

We now consider the group action of Γ ü H in order to define its fundamental

domain.

Proposition 1.14. The group Γ “ă T, S ą. Where

T “

˜

1 1

0 1

¸

S “

˜

0 ´1

1 0

¸

The first acts on z by translating it to z ` 1. The second sends z to ´1
z , the
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negative reciprocal map.

The fundamental domain of Γ is F :“ tz P H : |Repzq| ď 1
2and|z| ě 1u

Fundamental domain of SL2pZq

We now briefly discuss an alternative and more convenient way of working

with modular forms. Consider the map from H̄ “ H Y t8u to the punctured

unit disc given by

z ÞÑ q “ e2πiz

where we map the point at infinity in H to the origin. We then get Laurent

expansions for our complex functions which resemble

fpzq “
ÿ

nPZ
anq

n

This allows us to talk about meromorphicity and holomorphicity at8 by stating

that:

• f is meromorphic at 8 if the q-expansion has only finitely many nonzero

an with n ă 0

• f is holomorphic at 8 if the q-expansion has no nonzero an with n ă 0

• f is said to vanish at 8 if it is holomorphic on H and a0 “ 0.

Definition 1.15. Let k P Z, let fpzq be meromorphic on H with q-expansion
ř

nPZ anq
n. Suppose fpzq satisfies

fpγzq “ pcz ` dqkfpzq @γ “

˜

a b

c d

¸

P SL2pZq
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1. If fpzq is meromorphic at infinity then we call f a “modular function” of

weight k for Γ.

2. If fpzq is holomorphic on H, then we call f a “modular form” of weight k

for Γ.

3. Finally if f additionally has a0 “ 0, then we call f a “cusp form” of weight

k for Γ

We denote the space of all modular forms of weight k for Γ by MkpΓq. The

space of cusp forms is denoted SkpΓq.

Definition 1.16. Let k ą 2 be an even integer, for z P H we define the Eisen-

stein series

Gkpzq “
ÿ

m,nPZ

1

pmz ` nqk

Proposition 1.17. Gkpzq PMkpΓq

Definition 1.18. We define the normalized Eisenstein series to be

Ekpzq “
1

2ζpkq
Gkpzq “ 1´

2k

Bk

8
ÿ

n“1

σk´1pnqq
n

Where the Bk are the Bernoulli numbers and σk´1pnq
ř

d|n d
k´1.

Definition 1.19. The j-invariant is a modular form of weight zero defined as

jpzq “
1728g2pzq

3

∆pzq
“

1728E4pzq
3

E4pzq3 ´ E6pzq2

Proposition 1.20. The j function gives us a bijection between Γ{H̄ and the

Reimann Sphere

Proof. temp.

1.4 Modular forms on congruence subgroups

We now want to make the previous definition more precise. To start off by

introducing some notation. Let GL`2 pQq be the subgroup of GL2pQq consisting

of matrices of positive determinant. Let fpzq be a function on H̄ “ HYQYt8u,
let k P Z and γ P GL`2 pQq. We denote

fpzq|rγsk :“ pdet γqk{2pcz ` dq´kfpγzq for γ “

˜

a b

c d

¸

9



Given this notation, it is clear that any modular function of weight k for

Γ satisfies f |rγsk “ f for any γ P Γ. This now allows us to define modular

functions, forms and cusp forms for the congruence subgroups Γ1 Ą ΓpNq.

If fpzq is a meromorphic function on H, Γ1 Ă Γ a congruence subgroup of

level N , k P Z. If

f |rγsk “ f for all γ P Γ1

and for any γ0 P Γ fpzq has a q-expansion
ř

anq
n
N with only finitely many

non-zero an with n ă 0, we call f a modular function of weight k for Γ1. We

define similarly as before, a modular form of weight k on Γ1, to be an f which is

holomorphic on H and has no non-zero an for n ă 0. Again, cusp forms have the

additional requirement of vanishing at 8. We denote the space of all modular

forms of weight k for Γ1 by MkpΓ
1q. The space of cusp forms is denoted SkpΓ

1q.

Definition 1.21. Let χ be a Dirichlet character mod N , we define

MkpN,χq “

#

f PMkpΓ1pNqq : f |rγsk “ χpdqf γ “

˜

a b

c d

¸

P Γ0pNq

+

Proposition 1.22. MkpΓ1pNqq “ ‘MkpN,χq where the sum is over all Dirich-

let characters modulo N.

The spaces MkpN,χq include many important examples of modular forms.

Moreover, we introduce the notation SkpN,χqto denote the subspace of cusp

forms SkpN,χq “MkpN,χq X SkpΓ1pNqq.

2 Other notions

Definition 2.1. Let d “ pα1
1 pα2

2 ¨ ¨ ¨ pαnn be an odd integer, c be any integer. We

define the Jacobi Symbol p cd q

´ c

d

¯

“

ˆ

c

p1

˙α1
ˆ

c

p2

˙α2

¨ ¨ ¨

ˆ

c

pk

˙αk

Where p cp q denotes the usual Legendre symbol defined by:

ˆ

c

p

˙

“

$

’

’

&

’

’

%

0 if c ” 0 pmod pq

1 if c ı 0 pmod pq c is a quadratic residue modulo p

´1 if c ı 0 pmod pq c isn’t a quadratic residue modulo p

Whereby quadratic residue modulo p, we mean that Dx, an integer, such that

x2 “ c mod p
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Definition 2.2. Let n be a positive integer. We call define χ, a character

modulo n to be complex valued function on Z such that

χpaq “

#

0 if gcd(a,n) ‰ 1

χ0(a mod n) if gcd(a,n)=1

Where χ0 : Z{nZ Ñ T is some homomorphism and T :“ tz P C : |z| “ 1u. We

call the conductor of χ the smallest integer c such that χpaq depends only on

(a mod c) when gcd(a,n) = 1. A character modulo n is called primitive if its

conductor is n.

Definition 2.3. For a primitive character χ modulo n, we define the Gauss

sum gpχq

gpχq “
n
ÿ

k“1

χpkqe
2πik
r

Definition 2.4. Let A,B be subgroups of G. We call A and B “commensu-

rable” given that rA : AXBs ă 8 and rB : AXBs ă 8.

Definition 2.5. The Gamma function is given by

Γpsq “

ż 8

0

e´tts´1dt

Γps` 1q “ sΓpsq

Definition 2.6. The zeta function

ζpsq “
8
ÿ

n“1

1

ns
“

ź

primes p

1

1´ p´s

3 Congruent numbers

In layman’s terms, a congruent number is a number n which is the area of some

possible right angle triangle with rational side-lengths. Right angle triangles

and Pythagorean triples have been of interest since the times of ancient Greece.

The question of whether or not a given integer n is or is not a congruent number

was first rigorously discussed by Arab Scholars in the tenth century. This age

old question is now of interest more than ever, and with the advancements made

in the theory of elliptic curves in the last decade, the CNP has seen significant

progress - even a partial solution which we will discuss further in the coming

sections.
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Definition 3.1. A number n is called congruent if it is a square-free integer

such that DX,Y, Z P Q such that the equations X2` Y 2`Z2 “ n and XY
2 “ n

have simultaneous solutions. Note that we may assume n to be square-free,

because for any r P Q such that r is the area of a right triangle with sides

X,Y, Z P Q, there exists some s P Q such that s2r is a square-free integer. But

the triangle with sides sX, sY, sZ has area s2r.

Triangle of area 157 [D. Zagier]

3.1 First equivalent form of the statement

For the remainder of this paper, when we refer to an integer n as the area of a

right angle triangle, we will assume that it square-free.

Proposition 3.2. Let X,Y, Z P Q` such that X ă Y ă Z be the sides of a

right angle triangle, n be the area of this triangle. Consider the numbers x such

that x+n and x-n are each the square of a rational number. Then, considering

the correspondence

X,Y, Z Ñ x “

ˆ

Z

2

˙2

x Ñ X “
?
x` n´

?
x´ n, Y “

?
x` n`

?
x´ n.Z “ 2

?
x

Then n is congruent iff D such an x for which x+n and x-n are squares of

some rational numbers.

Proof. Suppose X,Y, Z satisfy that X2 ` Y 2 “ Z2, XY2 “ n. Then we get

pX ˘ Y q2 “ Z2 ˘ 4n

by adding or subtracting the two equations four times. Then, dividing through

by four: x “
`

Z
2

˘2
and x ˘ n “

`

X`Y
2

˘2
. Conversely, given x with such

properties, then the numbers X,Y,Z as defined above satisfy XY “ 2n and
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X2 ` Y 2 “ 4x “ Z2. Finally, the correspondence is readily checked to be

bijective.

3.2 Second equivalent form - relating the problem to some

elliptic curve

We will now derive yet another equivalent formulation of our problem. From the

proposition above, we are given that when X,Y,Z are the rational side lengths

of a triangle of area n, then ppX ˘ Y q{2q2 “ pZ{2q2 ˘ n. Thus, multiplying

the two equations we obtain: ppX2 ´ Y 2q{4q2 “ pZ{2q4 ´ n2. After introducing

new variables u “ Z{2, v “ pX2 ´ Y 2q{4 and multiplying by u2 ùñ u6 ´

n2u2 “ u2v2 has rational solutions. Moreover, after another choice of variables

x “ u2 “ pZ{2q2 and y “ uv “ Z{8 ˚ pX2 ´ Y 2q we get a rational 2-tuple (x,y)

which satisfies

y2 “ x3 ´ n2x

Now, it is natural to wonder under what conditions a rational point (x,y) on

this curve would arise from the sides of a right angle triangle.

Proposition 3.3. Let (x,y) be a rational point on the curve y2 “ x3 ´ n2x.

Suppose x satisfies the following: (i) x is the square of some rational number,

(ii) the denominator of x is even, (iii) the numerator has no common factor with

n. Then, there exists some ’congruent’ triangle with area n that corresponds to

x under the correspondence of proposition 2.2

We now state the main result of this paper, a very nice theorem of Tunnell [4]

which provides a criterion upon which a given square-free integer is a congruent

number. In the following sections, we will build up more theory in order to give

a heuristic understanding behind the logic and arguments used in the proof of

Tunnell’s theorem, which will be discussed in the final chapter.

Theorem 3.4 (Tunnell 1983). If n is a squarefree and odd (respectively, even)

positive integer and n is the area of a right triangle with rational sides, then

#tx, y, z P Z|n “ 2x2 ` y2 ` 32z2u “
1

2
#tx, y, z P Z|n “ 2x2 ` y2 ` 8z2u

ˆ

resp. #tx, y, z P Z|
n

2
“ 4x2 ` y2 ` 32z2u “

1

2
#tx, y, z P Z|

n

2
“ 4x2 ` y2 ` 8z2u

˙

And if the weak form of BSD holds true for the curves En : y2 “ x3´n2x, then

the converse of this statement also holds true.
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4 Elliptic Curves and their Hasse-Weil L func-

tion

4.1 Congruence Zeta-function

In this section, our goal is to define what is called the L-function of an elliptic

curve. These objects encode key information about curves, as well as give rise

to nice functional equations which allow us to derive many important results.

We first start by introducing one of the “building blocks” of the L-function

Definition 4.1. Given some sequence tNrurPN, we define the corresponding

zeta function by the formal power series

ZpT q “ exp

˜

8
ÿ

r“1

Nr
T r

r

¸

Theorem 4.2. Let En be the curve y2 “ x3´n2x defined over Fp where p - 2n.

Then

ZpEn{Fp;T q “
p1´ αT qp1´ ᾱT q

p1´ T qp1´ pT q

where α “ i
?
p if p ” 3 (mod 4), and if p ” 1 (mod 4) then α P Zris of norm p

which is congruent to pnp q mod 2+2i.

Now, we remark that the information which we obtain by considering the

zeta function of the reduction of the curve E modulo primes p of good reduction

is quite important. It is what helps us define the Hasse-Weil L-function.

Definition 4.3. We define the L function of En. First, make substitution

T “ p´s

LpEn, sq “
ζpsqζps´ 1q

ś

p ZpEn{Fq; p´sq

“
ź

p-2n

1

1´ 2aEn,pp
´s ` p1´2s

“
ź

P -2n

1

1´ αdegPP pNpP qq´s

Where αP is defined similarly to above and the second product is taken over

prime ideals P which divide primes p of good reduction. NpP q denotes the norm.

Theorem 4.4. The Hasse-Weil L-function LpEn, sq for the elliptic curve En
extends analytically to an entire function on the complex s-plane . In addition,

14



let

N “

#

32n2 n odd

16n2 n even

Let

Λpsq “

˜?
N

2π

¸s

ΓpsqLpEn, sq

Then, LpEn, sq satisfies the functional equation

Λpsq “ ˘Λp2´ sq

where the “root number” ˘1 is equal to 1 if n ” 1, 2, 3 (mod 8) and -1 if

n ” 5, 6, 7 (mod 8).

Theorem 4.5 (Mordell-Weil). Let A be an abelian variety defined over a feild

K, then the group of K-points ApKq is a finitely generated abelian group.

The Mordell-Weil theorem is useful to us because elliptic curves can be

viewed abelian varieties of dimension 1. Thus when considering curves defined

over Q, we get that the group of Q-points of an elliptic curve EpQq – EpQqtors‘
Zr, where the integer r is called the rank of the curve. This rank is greater

than 0 if only if the elliptic curve has infinitely many Q-points. It is an open

problem weather curves of arbitrarily large rank exist, although many believe

this to be the case. In the case of our beloved curves En, we have the following

propositions:

Proposition 4.6. ordpEnpQqq = 4. And the four points of finite order are

p˘n, 0q, p0, 0q,8. These points are of order 2.

Proposition 4.7. n is a congruent number if and only if EnpQq has nonzero

rank.

Proof. Suppose that n is congruent. from (prop where i talk about the equiv-

alence of n cong and En] we know that n being congruent leads to a rational

point on En whose x coordinate is in pQ`q2. The x-coordinates of the three

nontrivial points are 0 or ˘n. Thus, there must exist some rational point of

order ‰ 2 (since these are not in pQ`q2). This forces the point to be of infinite

order.

Conversely, suppose some point P “ px0, y0q has infinite order. We show

that the x coordinate of 2P is the square of some rational number. Well, suppose
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P is of order not 2, then the x coordinate of 2P , is given by the addition formula:

x “ ´2x0 `
p3x20 ´ n

2q2

p2y0q2
“

9x40 ´ 6x20n
2 ` n4 ´ 2x0 ˚ 4px30 ´ n

2x0q

4px30 ´ n
2x0q

“
px20 ` n

2q2

4px30 ´ n
2x0q

“
px20 ` n

2q2

p2y0q2

To show that the denominator must be odd, there are two cases we must

consider. Firstly, if x0 and n are even. Then 2 divides them both which

means the numerator and n share a common factor. This cannot be since,

if some prime p|x20 ` n2 and p|n ùñ p|x ùñ p3|x3 ´ n2x “ y2 and thus

we can factor a p2 on the top and bottom. We can repeat this process and

find that the numerator doesn’t share any prime factors with n. The second

case x and n are both odd. We write x “ 2r ` 1 and n “ 2s ` 1. We get

px20 ` n
2q2 “ 16pr2 ` r` s2 ` sq2 ` 16pr2 ` r` s2 ` sq ` 4. Thus, 4 divides the

numerator, and at least 16|p2yq2. Thus the denominator is even. And so by the

same correspondence as before, we get that n is congruent.

4.2 The BSD conjecture

Conjecture: [B. J. Birch and H. P. F. Swinnerton-Dyer] Let E be an elliptic

curve defined over Q, then the order of vanishing of LpE, sq at s “ 1 is equal

to the rank of EpQq. In particular this implies LpE, 1q “ 0 if and only if E has

infinitely many rational points

4.3 Coates-Wiles Theorem

Theorem 4.8 (J. Coates and A. Wiles). Let E be an elliptic curve defined

over Q having complex multiplication. If E has infinitely many Q-points, then

LpE, 1q “ 0.

We know that the En have complex multiplication and so by proposition 4.7

we get that if LpEn, 1q ‰ 0 then n isn’t congruent. Conversely, assuming BSD

holds true, then LpEn, 1q “ 0 ùñ n congruent. We can now state the first

major result in our journey to Tunnell’s theorem.

Proposition 4.9. If n ” 5, 6, 7 (mod 8), and assuming weak BSD to hold true,

then n is congruent.

Proof. According to theorem 4.4 , if n ” 5, 6, 7 (mod 8) then Λpsq “ ´Λp2´ sq.

Letting s “ 1, we get that Λp1q “ ´Λp1q ùñ Λp1q “ 0. But again from 4.4 we

know that Λp1q “
´?

N
2π

¯s

Γp1qLpEn, 1q ùñ LpEn, 1q “ 0. Thus, by the same

proposition we get that EnpQq has nonzero rank ùñ n is congruent.
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Now, one might ask what happens if we wish to prove a similar result which

doesn’t depend on the BSD conjecture, an open problem. Well, without going

into too much detain, we have a constructive method from Gross-Zagier which

uses something called “Heegner points”, which tells us the following: If n ”

5, 6, 7 (mod 8), En has nonzero rank (moreover we can construct some point of

infinite order) given only that it’s L-function has a simple zero at s “ 1. It still

remains unknown whether the vanishing of LpEn, 1q of a higher order tells us

anything about n being congruent if we do not assume BSD.

5 Modular forms of Half-Integer Weight

5.1 Transformation formula for the theta function

We first start by discussing the Theta function, one which has nice properties

which will be desirable later on when defining forms of half-integral weight.

Definition 5.1. The Theta function is defined as follows

Θpzq “
ÿ

nPZ
e2πin

2z z P H

Let p cd q be a quadratic residue symbol. Let
?
z denote the branch for which

argpzq P p´π{2, π{2s. Then we define εd for d odd by εd “
b

p´1
d q, i.e

εd “

#

1 if d ” 1 mod 4

i if d ” 1 mod 4

We can now define the “automorphy factor” jpγ, zq depending on γ P Γ0p4q,

z P H

jpγ, zq “
´ c

d

¯

ε´1
d

?
cz ` d for γ “

˜

a b

c d

¸

P Γ0p4q

Theorem 5.2. Let γ P Γ0p4q and z P H

Θpγzq “ jpγ, zqΘpzq

From the theorem above, it is clear that the square of the theta function is a

modular form of weight 1 for Γ0p4q and χ the unique non-trivial character mod

4. Intuitively, it should stand out that since this function has a transformation

rule which contains a square root of the pcz`dq part, that we should be able to

extend our study of modular forms of integer weight to half integer weight by

simply considering
?
cz ` d to the k-th power.
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5.2 Hecke operators on MkpN,χq, SkpN,χq

Before we formally define Hecke operators, we motivate them by stating that

many very important examples of modular forms turn out to be a sort of eigen-

vector (called “eigenforms”) for the action of all of these operators on various

spaces Mk and Sk of forms. If f PMkpN,χq is such an eigenform, then we can

conclude a lot of information about its q-expansion coefficients.

Proposition 5.3. Suppose that f “
ř

amq
m P MkpN,χq is an eigenform for

all the operators Tm with corresponding eigenvalues λm, i.e. Tmf “ λmf . Then

am “ λma1 for all m P N. Additionally, a1 ‰ 0 unless k “ 0 and f is a constant

function. If a0 ‰ 0 then we obtain the eigenvalues by the formula

λm “
ÿ

d|m

χpdqdk´1

Proposition 5.4. Let H Ă G be any subgroup, a P G any element such that H

and a´1Ha are commensurable. Let H 1 “ H X a´1Ha. Let rH : H 1s “ d and

write H “
Ťd
j“1H

1hj. Then HaH “
Ťd
j“1Hahj is a disjoint union of d right

cosets. Conversely, if HaH “
Ťd
j“1Hahj is a disjoint union of d right cosets,

then H “
Ťd
j“1H

1hj

We define Hecke operators on a class of congruence subgroups of Γ which

includes Γ0pNq,Γ1pNq,ΓpNq. Let S` “ mZ for some positive integer m, Sˆ be

a subgroup of pZ{NZqˆ, or alternatively denote the subset of Z whose image

mod N is in Sˆ.

∆npN,Sˆ, S`q “

#˜

a b

c d

¸

P GL2pZq : N |c, a P Sˆ, b P S`,det

˜

a b

c d

¸

“ n

+

Here are some examples:

Γ1pNq “ ∆1pN, 1,Zq Γ0pNq “ ∆1pN, pZ{NZqˆ,Zq ΓpNq “ ∆1pN, 1, NZq

Definition 5.5. Let Γ1 be a congruence subgroup of Γ and α P GL`2 pQq. Let

Γ2 “ Γ1 Y α´1Γ1α and d “ rΓ1 : Γ2s, Γ1 “
Ťd
j“1 Γ2γ1j . Let fpzq be a function on

H invariant under rγsk for γ P Γ1. Then

fpzq|rΓ1αΓ1sk :“
d
ÿ

j“1

fpzq|rαγ1jsk

Note that this definition does not depends on the choice of representative α nor
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on the choice of the representatives γ1j of Γ1 mod Γ2. If f P MkpΓ
1q it follows

that fpzq|rΓ1αΓ1sk PMkpΓ
1q.

Definition 5.6. Let Γ1 “ ∆1pN,Sˆ, S`q and let n be a positive integer. Let

f PMkpΓ
1q. Then, we define a Hecke operator Tn to act by

Tnf :“ nk{2´1
ÿ

f |rrΓ1αΓ1sks

where the sum is taken over all double cosets of Γ1 in ∆npN,Sˆ, S`q. By the

previous proposition, we have Tnf PMkpΓ
1q

5.3 Defining modular forms of half integral weight

Similarly to the case of integral weight modular forms, we wish to have some-

thing which transforms like fpγzq “ pcz ` dqk{2fpzq where as per usual γ “
˜

a b

c d

¸

P Γ1 Ă Γ and now k is an odd positive integer. One can see that

we quickly run into issues by defining such a functional equation because of the

possible choice of square root branches. A more natural construction is to define

something analogous to the way Θk transforms.

Definition 5.7. When we have a functional equation similar to fpγzq “ Jpγ, zqfpzq

where γ is in some matrix group and z P H. We call Jpγ, zq the “automorphy

factor”. It must satisfy

Jpαβ, zq “ JpαzqJpβ, zq “

˜

a b

c d

¸

P G

For some matrix group G

Two such examples of an automorphy factor are Jpγ, zq “ pcz ` dqk for

modular forms of integral weight as well as Jpγ, zq “ p cd qε
´1
d

?
cz ` d where γ P

Γ0p4q which is the automorphy factor for Θpzq. We now define the automorphy

factor for integral forms of half integral weight. Given that the automorphy

factor for the Theta function already contains a square root, it is natural to

want to define something which transforms like k-th powers of it.

Definition 5.8. For a congruence subgroup Γ1 Ă Γ0p4q we define modular forms

of weight k{2 to be holomorphic functions on H (and at cusps) which transform

like the k-th powers of Θpγzq. Formally

jpγ, zq “
Θpγzq

Θpzq
“

´ c

d

¯

ε´1
d

?
cz ` d γ “

˜

a b

c d

¸

P Γ0p4q
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Now, if we want to to define rγsk{2similarly as before for matrices in GL`2 pQq,
we encounter an issue because the automorphy factor is only defined for γ P

Γ0p4q and so we have no preferred branch of the square root for arbitrary γ P

GL`2 pQq. To get arround this issue, consider the following:

Definition 5.9. Let µ4 “ t˘1,˘iu and consider the degree 4 extension of

GL`2 pQq
1 Ñ µ4 Ñ GÑ GL`2 pQq Ñ 1

where the group G is defined as

G “

"

pα, φpzqq : α P GL`2 pQq, φ holomorphic on H s.t. φ2pzq “ t
cz ` d
?

det a
, t “ ˘1

*

G is a group with operation pα, φpzqqpβ, ψpzqq “ pαβ, φpβzqψpzqq.

Given the previous definition of the group G, it is natural to consider the

projection map P : G Ñ GL`2 pQq given by pα, φpzqq ÞÑ α. Moreover, if we are

working with Γ1 Ă Γ0p4q, then we define

Γ̃1 – P pΓ1q :“ tpγ, jpγ, zq : γ P Γ1u

We can also consider L : Γ0p4q Ñ G , the lifting of the map P , which sends

γ ÞÑ γ̃ :“ pγ, jpγ, zqq P G

Definition 5.10. Let k be an integer. A modular form of weight k for Γ1 Ă

Γ0p4q is a holomorphic function on H such that

1. f |rγ̃sk{2 for all γ̃ P Γ̃1

2. f is holomorphic at all cusps of Γ1

Additionally f is a cusp form for Γ1, if it satisfies the condition of vanishing

at each cusp of Γ1. We denote the two spaces respectively by Mk{2pΓ̃1q and

Sk{2pΓ̃1q.

Moreover, we have another analogous result from the integral case. Letting χ

be a character of pZ{NZq˚ and if Mk{2pΓ̃0pNq, χq is the subspace of Sk{2pΓ̃1, χq “

Mk{2pΓ̃1pNqq consisting of γ P Γ0pNq such that f |rγ̃sk{2 “ χpdqf . Then we

define Sk{2pΓ̃0pNq, χq “ Sk{2pΓ̃1pNq, χq XMk{2pΓ̃0pNq, χq, and we get

Mk{2pΓ̃0pNqq “ ‘χMk{2pΓ̃0pNq, χq
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Proposition 5.11. Let 4|N , k{2 P Z. Then

Mk{2pΓ̃0pNq, χq “Mk{2pN,χ
k{2
´1 χq Sk{2pΓ̃0pNq, χq “ Sk{2pN,χ

k{2
´1 χ

5.4 Hecke Operators for half-integral forms

We now extend our theory of Hecke operators for the case of Mk{2 and discuss

a few elegant results. Recall that in the integral case, in the definition of the

Hecke operator, we take a sum of the form
ř

f |rΓαΓsk over all double cosets

of Γ in ∆n. Now, if n is squarefree, it turns out that there is only one double

coset.

Proposition 5.12. If n is a positive integer coprime to N which isn’t a perfect

square, then f |rΓ̃1pNqξnΓ̃1pNqsk{2 “ 0

In the case of half integer weight the only non-trivial Hecke operators are

the Tn2 . Thus, if we consider modular forms which are eigenfunctions for all of

the Tn2 we obtain certain formulas relating coefficients whose index differs by a

perfect square.
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6 The theorems of Shimura, Waldspurger and

Tunnell

There exists modular forms of weight 3/2 such that the non-vanishing of the

d-th fourier coefficient implies that EdpQq is finite. This follows from the fol-

lowing theorems. Firstly, the L-series of the curve En is the mellin transform of

the image of some (actually several) weight 3/2 form under the Shimura map.

Second, the main theorem of Waldspurger shows us that the square of the n-

th coefficient of a form of this type is a multiple of LpEd, 1q where d is n or

2n. Finally, Coates-Wiles gives us our desired result. So, to break things down

further, we have:

• Shimura proved that if f is a cusp form of weight k{2 for k odd greater than

3, and f is an eigenform for Tp2 for each prime p (with eigenvalue λp), then

there exists a form of weight k-1 which is an eigenform with eigenvalue

λp for Tp for all p. The effect of this map is to square corresponding

characters.

• The work of Waldspurger gives us a description of the coefficients of the

newform of weight k ´ 1 of character χ2 which is the image of a form of

weight k{2 under Shimura’s map.

• Tunnell describes the basis of the space of cusp forms of weight 3/2 and

level 128 which map to forms of weight 2 under Shimura’s map

• Tunnell explicitly constructs a modular form of weight 3/2 for Γ0p128q such

that the square of the n-th coefficient is a nonzero factor times LpEn, 1q

• Coates-Wiles theorem gives us the conditional two way statement describ-

ing when n is in fact a congruent number.
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Heuristic “construction” of the argument

6.1 The Shimura map

Theorem 6.1. Let k ě 3 be an odd integer, N |4 a positive integer, χ a character

mod N and let fpzq “
ř

ane
nz P Sk{2pN,χq. Let λ “ pk ´ 1q{2. Let d be a

positive square-free integer and χd the character mod dN defined by

χdpmq “ χpmq

ˆ

´1

m

˙λˆ
t

m

˙

Now, define a function Fdpzq by

Fdpzq “
8
ÿ

n“1

Adpnqe
nz where

8
ÿ

n“1

Adpnqn
´s “

˜

8
ÿ

,“1

χdpmqm
λ´1´s

¸˜

8
ÿ

m“1

aptm2qm´s

¸

If f is a common eigen-function for the operators Tp2 for all prime factors p of

N not dividing the conductor of χd. Then, Fd PMk´1pNd, χ
2q for some positive

integer Nd. Moreover, if k ě 5 then Fd is a cusp form.

As a consequence, this tells us that
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6.2 Waldspurger’s theorem

We state a less general case of Waldspurger’s theorem which suits our needs

without getting into all the details of the full theorem.

Theorem 6.2. Let φ be a newform of weight k ´ 1 and a characterχ2 which

is the image of a form f of weight k{2 under the Shimura map. Assume 16|M

where M is the level of φ. Then there exists a function Aptq from the set of

square free integers to C such that:

1. Aptq2εpχ´1χ
pk´1q{2
´1 χt, 1{2q “ 2p2πqp1´kq{2Γppk´1q{2qLpφχ´1χ

pk´1q{2
´1 χt, pk´

1q{2q

2. For each positive integer N there exists a finite set of explicitly described

functions cpnq such that
ř

Apnsf qcpnqqn that spans the set of forms of

weight k{2, level N and character χ which corresponds to φ via the Shimura

map.

6.3 Tunnell’s work and the CNP

Firstly, it was known to Cohen that the space of forms of weight 3/2 and level

128 for fixed quadratic character is of dimension 3, the same dimension as the

space of forms of weight 1/2 and level 128. suggests that we should construct

weight 3/2 forms by multiplying forms of weight 1/2 by a weight 1 form g.

Consider Θptzq “
ř

qtm
2

, the form of weight 1/2, of level 4t and with charac-

ter χ4. From a result of Serre-Stark, we find that tΘp2zq,Θp8zq,Θp32zqu is a

basis of forms for the space of 1/2 weight,level 128 and character χ2. Similarly

tΘpzq,Θp4zq,Θp16zqu is a basis for the analogous space with the trivial charac-

ter. Tunnell now constructs a form g of weight 1, level 128 and character χ´2

which allows us to understand the space of 3/2 forms of same level.

Theorem 6.3. There exists a unique normalized newform g of weight 1, level

128 and character χ´2. Its q-expansion is of the form

g “
ÿ

p´1qm`nqp4m`1q2`16n2

“
ÿ

p´1qnqp4m`1q2`8n2

pm,nq P Zˆ Z

Now, one can show that we can rewrite the form g as follows

g “ pΘpzq ´Θp4zqqpΘp32zq ´
1

2
Θp8zqq

Theorem 6.4. The modular forms gΘp2zq, gΘp4zq, gΘp8zq and gΘp16zq corre-

spond to the weight two form φ (of level 32, trivial character) under the Shimura

map from forms of weight 3/2 to weight 2.
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Theorem 6.5. Let gΘp2zq “
ř

anq
n and gΘp4zq “

ř

bnq
n be modular forms

of weight 3/2 and level 128 corresponding to the unique weight 2 normalized

newform of level 32 and trivial character. For d square free odd and positive we

get

LpEd, 1q “ apdq2β
d´1{2

4

LpE2d, 1q “ bpdq2β
p2dq´1{2

2

where

β “

ż 8

1

dx

px3 ´ xq1{2
« 2.62205 the real period of E

From the two previous results as well as Coates-Wiles theorem, we obtain

the main result of the paper. Simply recall that apnq “ 0 unless n ” 1, 3 (mod

8) and bpnq “ 0 unless n ” 1, 5 (mod 8) and so the L-function vanishes only

when apnq or bpnq are zero. So, if we look the two forms gΘp2zq and gΘp4zq

that we used for the theorem,for n odd their n-th q-expansion coefficient is the

same as the n-th coefficient in

ΘpzqpΘp32zq ´
1

2
Θp8zqqΘp2zq “

ÿ

x,y,zPZ
q2x

2
`y2`32z2 ´

ÿ

x,y,zPZ
q2x

2
`y2`8z2

as well as respectively,

ΘpzqpΘp32zq ´
1

2
Θp8zqqΘp4zq “

ÿ

x,y,zPZ
q4x

2
`y2`32z2 ´

ÿ

x,y,zPZ
q4x

2
`y2`8z2

This gives us the original result of Tunnell discussed in 3.4 whenever the forms

vanish.
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